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A new method is given for the calculation of integrals

1 ) k) = Ra r)R,(r J kr,) P, (cos 8,)dV
UL 4an 1723 g\2 2‘13 ! V4L 1

which are needed to evaluate orientation-dependent scattering factors for the overlap electron density between

orbitals on stationary atoms at r, and ry, where r, = r —

I, =TT and R, (r,) and R (r,) are Slater-type

radial functions. The integration may be reduced to the sum of an algebraic term and a one-dimensional
numeric integration between 0 and R, where R =r; —r,,.

Introduction

Let y/m(r,) =R (rl)YR (1‘1) and yu(r,) = (r2) X
YR ﬂMp(r,_) be orbitals on statlonary atoms atr, and r,
respectively, where r, = r —r, and r, = r — r; The
X-ray scattering from the overlap electron d%nsny
Wi (1)) w;(ry) may then be expressed (Rae, 1978) as

xlaj/}(k) = Z 1} Aulm(k) Y (k)5 m= MB - Ma’
I=1m|

(1
The scattering vector k has polar coordinates (k, &, ¢,)
defined relative to a local axial system, where 6, = 0
corresponds to the direction R = r; — r,. Likewise, r,
has polar coordinates (r,,0,,¢,) and r, has polar
coordinates (r2 ,,¥,) relative to the same axes.
YEu (r), Y (r,) YR (k) are spherical harmonics
with the approprlate polar coordinates defined above.
The evaluation of y,,(k) requires the calculation of
axially symmetric integrals

i "
L B = o | Ry Ry(r) L k) Py cos 6) d,
i @

where k = 4msin §/A, 6 being the Bragg angle. The
evaluation of these integrals for Slater-type orbitals is
the subject of this paper.

Theory
We expand R(r,)/r;# about r,, as

(e o]
Ry(r)/re= 2 (L' + DPp(cos O)U,.,(ro,rs), (3)
L'=0
where U, ,(r_,r,) is a function of r_ and r, and P,.(cos
6, is a Legendre polynomial of order L'. r_ is the
smaller and r, the greater of r, and R. (3) enables us to
say

Iy, (k) = f Ra(r,)_ rhejkr) U(r,r,)ridr, (4)
0

from the orthogonality of Legendre polynomials, i.e.

2L+ 1

f JaP (cos 8,) P, (cos §,)d cos 8, dop, =, ,.,
-1 0

where §,,, = 1iffL=L',0if L#L".
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Coulson (1937) has shown how to evaluate the
functions U, (r.,r,) where Ry(r,) is a combination of
Slater-type functions r§s~! exp (—{,r,), where Ny > Ly
We start with the expansion

exp(—¢, rz)/rz =2 QL+ 1) P, (cos 01) aL_o(r<,r>),(5)

L=0

where

aL.O(r<’ r,)= G108 (2), )
y=4r. and z = §iry, f100) = (7:/2y)*IL+_*(y) and
8 (2)= (2/7zz)’fKL+%(z), where I, ,,(y) and K| , ;(z) are
modified spherical Bessel functions (Antosiewicz,
1968). Definitions of f;(y) and g,(z) and various re-
cursion relations are given in the Appendix.

Now

d _
exp(—§ry) = EC—M
2 2

and so

exp(—{,ry) = i QL + 1)P,(cos b)) a, ((r.1s),

L=0

@)
where
d
a, (re,r,) = E (6 A(Gr) g (&r))
== .10 8&.(2) + 2, (1) g,..1(2)
=28, (D /.0) — y&.(2) [, () ®
from relations detailed in the Appendix.
We can now use the cosine rule, 72 = r? + R?

— 2r, R cos 6,, and say

rtexp(=Cr) =[r2 + 12 —2r_r, P (cos 6))]
x[rys=3 exp(=Br), Ny > 1
so that

rgl -1 exp (__Cz r2) —_ Z (ZL + l)PL(COS 01)‘1L.N‘,(r<’r>)’

L=0

9
where
aL,Nl,(ro r)=(+ r2>)aL,Nﬂ—2(r<’r>)
2r.r,
“GL+ D) (La,_y_o(rers)
+ (L + l)aL“,Nﬂ_z(rO r)l, (10)

since

P,(cos 8)P,(cos 6,) = [LP,_,(cos ) + (L + 1)
X P, , (cos 6))/(2L + 1).
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Thus for r;, < R we have the functional form
a; n(r,R) but for r; > R we have a different functional
form q; , (R,r). Likewise we can say U, (r_,r,) has the
functional form U,(r,,R) for r; < R and the functional
form U,(R,r,) for r, > R. For computational purposes
the integral 7,, (k) can be rearranged so that
Iy (k) = Vi (k) + Wy, (k), where

VILL,(k) = O-FRa(rl)r’fzjl(krl) U/(R,r) ridr, (11)
0

and

Wlu,z(k) =/ Ra(rl) r’fzjl(krl)[UL(rp R)
0

— U, (R,r)] rdr,. (12)
Wy, (k) has to be calculated numerically but the
evaluation of ¥, (k) has an exact algebraic form. We
note that when R = 0, (i.e. both orbitals on the same
atom) we need only consider (11) with L = 0.

The evaluation of V;, (k)

Let us first consider the finiteness of the integral
component

1 o
et en o

x jkr,) P, (cos 8,)dV

[eo]
= f i exp (¢, ry) jlkr) a, p(R, 1)) dr,,

0

where M =N, + L, + 1 and N = Ny — L, Asr,tends
to zero, a; ,(R, r,) varies as 1/r{*! and j(kr,) varies as
r! so that rf j(kr)) a, y(R,r)) varies as rffet!+1:L,

Now, the maximum value of L for a given /and L, is
I+ L, + L, (Rae, 1978), so that ~j(kr))a; ,(R,r,)
varies as r{«—f« as r, tends to zero. Thus the function
being integrated to evaluate ¥, (k) is zero at the
origin, since N, > L, for Slater-type functions. The
function being integrated to evaluate W, (k) goes to
zero at both r, =0 and r, = R.

The evaluation of ¥, (k) requires the evaluation of
integral components of the type

o0
A= r7jfkry) exp (= r) g (G r)ridr,
0

where /| 2 0, n > 0and m > n — [ — 1. All these
integrals are finite, as are integrals withm =n — [ — 1.
For integrals with m = n — [/ — 1, the function being
integrated has a finite non-zero value at r, = 0. These
latter integrals are also needed for successful use of the
recursion formulae which relate the 4, integrals.
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[e o]
Now § A4 = — [ rP*2j(kry) g, (& r) d exp (=, 7))
0

= (m + 2)Alm—ln

jwlexp( Grolr g (Gor ) (kro

+ rlj,(kr,) (C2 Vldr,

+ lim I.rm+2.1[(krl)gn(czrl)]'

ri-0

From information given in the Appendix we can say

ClAlmn = (m -1 n)Alm—m + kAl—lmn - CZAlmn—l (13)
+ lim [ (kg (G )]

and

ClAlmn = (m +1+1-— n)Alm n— kAl+lmn - CZAImn—l
+ lim [r"‘“_;,(kr,)g,,((2 rpl. (14)

When n =1=0 (13) becomes
(& + 8) Ao =mA gy _ 10 + kA _ o for m = 0. (15)

When n =0, [ = —1 (14) becomes
(6 + 8D A _ymo=mA_ypy_ 10— kA omo + O/ kG, for m=0,
(16)

where d,,0=1ifm=0,0if m > 0.
Now, for m = —1 we have (CRC Handbook of
Chemistry and Physics, 1971)

¢

Cz kAO—lO = f
— @ = arctan [K/(G, + &),

sin kr,

exp — (§, + &) rydr,
(1

where 0 < w < 7/2 so that cos w = ({, + {)/D and
sin w = k/D where D = [k? + ({, + {)*1V2
For the case when m = 0 (15) and (16) give

k&, A 4y = sin w/D (18)
and
k{4 _ 40 = cos w/D.

For m > 0 (15) and (16) give

(19)

A _mo=mlcos WA _,,,_o— Sin WA, _0}/D
and

Agpmo = mlsin wA_,,,_ o + €08 WA gp_ 10}/ D.

INTEGRALS FOR OVERLAP ELECTRON DENSITY SCATTERING FACTORS

We can thus say

GAg_10=wlk (20)
kG A_jpo=mlcos(m+ 1)w/D™! m=0 (21)
L Agme=m!sin(m + 1) w/kD™! m=>0. (22)
When k& = 0 we obtain
im kS A_ o =mY (¢, + ™Y, m=0 (23)
k=0
and
m>—1. (24)

lim &, Ay = (m + DV/(G, + ™2,
k-0

We note that 4,,, = 0 when k = O for the finite 4,,,
integrals with / > 0. We now use the recursion formula

QI+1)

Jisilkry) = Jikkr) —Jj,_ (kry)

1
so that

kAl+lmn= (21+ I)Alm—ln_kAI—lmn' (25)

If all the finite 4, ,, and 4,_,,, are known, (25)
produces all 4,, ,,, with m > —/. The remaining finite
Ay ime m = —( + 1) and —(! + 2), are obtained from
(13) for the n = O case, i.e.

(1_ m)Al+lm0 = kAlm+10 - (Cl + C?)Al+1m+ 10° (26)
The recursion formula

2
@nr D)o G+ gl
on

may now be used to create all finite 4,,,, from
CZAlmn+l = (Zn + 1)Alm—ln + CZAImn—l

with 4,0 = 4,,,_, known.

&ni1(&or) =

(27)

The evaluation of Wy, (k)

The integral for Wi, (k) has to be evaluated
numerically. 7 wr, (k) will have a magnitude less than 1.0
but V,; (k) and qu. (k) will have magnitudes which
depend on the magnitudes of the {, values used to
describe Ry(r,). The greater the value of {, the greater
the value of Wi (k) and the greater the number of
51gmﬁcant figures and data points required to obtain

I, (k) to the required accuracy. Functions of Rﬂ(r,_)
for bonding electrons have reasonably small values of
g, if a single { function is used. However multi- func-
tions (Clementi & Roetti, 1974) include larger values of
{,, and the use of multi-{ functions can increase
Wy, (k) by a factor as large as 10® slowing con-
vergence to the requnred accuracy. The advantage of
reducing the numeric integral to a range O to R is then
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largely lost. A compromise is the most efficient solution
to the problem. U,(r.,r,) is described as Uy(r,,r,)
+ Uj'(r,,r,) where Uj(r,,r,) is the low-{ component
and Uj'(r_,r,) is the high-{ component. Thus I, (k)
= Iy, (k) + Iy, (k), where the low-{ component
Ij;, (k) is evaluated from (11), (12) but the high-{ com-
ponent is evaluated numerically as

R+R'

Il’IiLz(k) = Ra(rl)r%zjl(krl)UI,.' (r<,r>)rf dr|9(28)
]

where R’ may be quite small, since U}/ (r.,r,) has a
rapid exponential decay when r; > R.

A program has been written to evaluate the above
integrals. It was found advantageous to cut the range
of the numeric integrals into sixteenths to allow for
different rates of convergence in different sections of
the range. Convergence of the integration is worst near
r, = 0 and initial trial calculations are found necessary
to optimize the calculation. It should also be noted that,
as the scattering vector k changes, only j,(kr) changes
so that storage of R (r)ri: U (rrs)r? values is
advantageous. It should also be pointed out that the use
of the recursion formulae in the Appendix for the
evaluation of j(x) and f,(y) has serious round-off
errors as x or y approaches zero so that the series
expansions given in the Appendix should be used for
small x, y. Likewise, if we define G,(z) = z"*!g,(z), the
recursion formula G, ,(z) = 2n + 1)G,(2) + 2*G,,_,(2),
G,(2) = exp(—2), z*G_,(z) = z exp(—z) is less prone to
round-off error for small z.

APPENDIX

Spherical Bessel function j(x):

. sinx | cos x
Jo(X)=——, j(x)= )
X X

Q2+

X

Jia(x)= Jix)—Jji_1(x)

d
X a]z(x) =—(+ 1) j(x) + xj,_,(x)
= [(x) — xj, 1 (x),
< 2'4m(] + m)l(—xD)m

; — 3yl
J=x 3 mll+2m+ D)

m=0

[=0.

727

Modified spherical Bessel function
L) = (@21 4(p):

5i5) = sinh y’f—l(y) _ cosh y
y y
2L + 1
fin) = @E*D = ) 1)+ )
d
y afL(v) =—(L + )i + 3,:0)
=L+ W)
L 2B (L + m)l(yA)m
L0 = ,;, m\2L + 2m + 1)! ’ L=0.

Modified spherical Bessel function
&)= (2/7”)% K, .4(2):

exp (—2)

8o(2) =g_,(2)=

2L +1)

8r+1(2) = 8.(2) +g._,(2)

d
g 8.(2)=—(L + 1) g (2) — zg,_,(2)
= LgL(z) - 2gL+1(Z)
8@ =g, @ =Df,2)—f @
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